In our previous work we have constructed a model of noncommutative (NC) gravity based on SO(2, 3) ⋆ gauge symmetry. In this paper we extend the model by adding matter fields: fermions and a U (1) gauge field. Using the enveloping algebra approach and the Seiberg-Witten map we construct actions for these matter fields and expand the actions up to first order in the noncommutativity (deformation) parameter. Unlike in the case of pure NC gravity, first non-vanishing NC corrections are linear in the noncommutativity parameter. In the flat space-time limit we obtain a non-standard NC Electrodynamics. Finally, we discuss effects of noncommutativity on relativistic Landau levels of an electron in a constant background magnetic field and in addition we calculate the induced NC magnetic dipole moment of the electron.
Introduction
In the past several decades there has been a considerable effort to develop a theory that would resolve singularity issues that plague the physics of curved space-time and enable us to think beyond the concepts of Quantum Field Theory (QFT) and General Relativity (GR). Noncommutative (NC) Field Theory, as a theory of fields on NC space-time, offers a new perspective to the problem. In NC Field Theory, space-time coordinates are proclaimed to be mutually incompatible. Analogously to the Heisenberg's uncertainty relations for a conjugate coordinate-momentum pair of a particle, there exist a lower bound for the product of uncertainties ∆x µ ∆x ν for a pair of two different coordinates. In order to capture this "pointlessness" of space-time, an abstract algebra of NC coordinates is introduced as a deformation of the ordinary commutative space-time structure. These NC coordinates, denoted byx µ , satisfy some non-trivial commutation relations, and so, it is no longer the case thatx µxν =x νxµ . The simplest case of noncommutativity is the so-called canonical noncommutativity, defined by 1) where θ µν are components of a constant antisymmetric matrix. Abandoning the concept of commutative (classical, smooth) space-time leads to various new physical effects, such as UV/IR mixing [1] , new interactions in NC deformations of Standard Model [2] , fuzzy geometry [3] and many others.
Instead of deforming an abstract algebra of coordinates one can take an alternative, but equivalent, approach in which noncommutativity appears in the form of NC products of functions (NC fields) of commutative coordinates. These products are called star products (⋆-products). Specifically, the canonical noncommutativity (1.1) is based on the NC Moyal-Weyl ⋆-product, 
2)
The first term in the expansion of the exponential is the ordinary point-wise multiplication of functions. The constant deformation parameters θ αβ have dimensions of (length) 2 and are assumed to be small 1 . They are considered to be fundamental constants, like the Planck length or the speed of light. However, it is also possible to treat NC deformation parameters as dynamical fields, see [4] .
Apart from being an interesting subject by themselves, NC Field Theories had begun to gain interest when they were recognised as a low-energy limit of a more fundamental theory of open stings. In the work of Seiberg and Witten [5] it is argued that coordinate functions of the endpoints of an open string constrained to a D-brane in the presence of a constant Neveu-Schwarz B-field, with B ∼ 1/θ, satisfy the constant 1 To be more precise, the Moyal-Weyl ⋆-product should be written as with the small deformation parameterk and arbitrary constant antisymmetric matrix elements θ αβ . In the usual notationk is absorbed in the matrix elements θ αβ and these are called small deformation parameters.
noncommutativity algebra (1.1) . Thus, any kind of evidence of noncommutativity of space-time, interpreted as a low-energy effect of the String Theory, would be of great significance.
Formulation of pure gravity in a noncommutative space-time is a very interesting and a very important problem and it has been investigated using different approaches [6] . In our previous work, we have established a model of pure NC gravity by treating it as a gauge theory of SO(2, 3) ⋆ group [7, 8] . The first non-vanishing NC correction to GR is at the second order in the NC parameter θ αβ and it pertains even when metric is flat thus leading to a non-trivial NC deformation of Minkowski space [7] . Studying the deformed metric of Minkowski space, it became clear that by introducing constant noncommutativity of space-time, we are implicitly working in a preferred coordinate system -the Fermi inertial coordinates.
We have to remember that if one aims to explain problems such as dark energy, inflation or construct a NC deformation of supergravity, one needs to include matter field and their couplings with the gravitational field. As a first step towards including matter fields in the SO(2, 3) ⋆ NC gravity model, we introduced non-interacting Dirac fermions in curved space-time. In [9] we have found the first order NC correction to the Dirac action in curved space-time with various new interaction terms. As in the case of pure gravity, noncommutativity pertains in the flat space-time limit and causes linear NC deformation of electron's dispersion relation. Also, the NC-deformed energy levels are helicity-dependent, meaning that NC space-time behaves as birefringent medium for electrons propagating in it.
Following the same line of investigation as in [9] we seek to obtain a complete theory of Noncommutative Electrodynamics in SO(2, 3) ⋆ model of noncommutative gravity that would be capable of providing some tangible predictions concerning the potentially observable physical effects of space-time noncommutativity. To include interacting Dirac fermions, we upgrade the gauge group to SO(2, 3) ⋆ ⊗ U (1) ⋆ thus introducing electromagnetic field in the framework. New interaction terms that emerge enable us to study NC Electrodynamics both in curved and flat space-time. In this paper we analyse some phenomenological consequences of this new model of NC Electrodynamics in the flat space-time limit.
The paper is organized as follows. To begin with, in the following section, we discuss coupling of matter fields with gravity in the first order formalism. In particular, we are interested in incorporating matter fields in the commutative (undeformed) SO(2, 3) gauge theory of gravity. In Section 3 we generalize results from Section 2 to the NC SO(2, 3) ⋆ gravity. Using the Seiberg-Witten map we construct actions and calculate equations of motion for the NC U (1) ⋆ gauge field and the NC Dirac field. Unlike in [9] , fermions are now coupled with the NC U (1) gauge field and the NC gravity. Finally, in Section 5 we formulate NC Electrodynamics induced by NC SO(2, 3) ⋆ gravity. In the limit of flat space-time, we discuss the equation of motion of an electron in the background electromagnetic field. Especially, we find NC corrections to its energy levels in constant magnetic field, that is, NC corrections to the relativistic Landau levels. In addition, we derived the induced NC magnetic dipole moment of an electron. We end the paper with some discussion of the obtained results and proposals for future research.
Matter fields in SO(2, 3) gauge theory of gravity
It is well known that in the first order formalism (gauge theories of gravity) fermions couple naturally to the gravitational field. On the other hand, to couple gauge fields to the gravitational field one normally requires the existence of Hodge dual operation. The definition of Hodge dual operation in the presence of gravitational field (curved spacetime) requires the existence of a metric tensor, which means working in the second order formalism. This difference becomes even more evident in the SO(2, 3) model of gravity. Namely, in this model the basic variable is a SO(2, 3) gauge field, which splits into the SO(1, 3) spin-connection and vierbeins only after the gauge fixing (symmetry breaking) [7] . In this section we discuss the construction of actions involving gauge field and Dirac spinor field in the SO(2, 3) gravity model. Let us briefly review the basics of SO(2, 3) gravity theory. We assume that space-time has the structure of D = 4 dimensional Minkowski space. The gauge field takes values in the SO(2, 3) algebra,
The 5D metric is η AB = diag(+, −, −, −, + 
3)
The field strength tensor is defined in the usual way by
with
Equations (2.3), (2.4) and (2.5) suggest that one can identify ω ab µ with the spin connection of the Poincaré gauge theory, ω a5 µ with the vierbeins, R ab µν with the curvature tensor and lF a5 µν with torsion. It was shown in the seventies that one can indeed make such an identification and relate AdS gauge theory with GR. Different actions were discussed in the literature, see [10, 11] . A necessary step in obtaining GR from SO (2, 3) gravity model is the gauge fixing, that is, the symmetry breaking from local SO (2, 3) down to local SO (1, 3) . In order to break SO(2, 3) gauge symmetry one usually introduces an auxiliary field φ = φ A Γ A [10] . This field is a space-time scalar and an internal-space vector. It transforms in the adjoint representation of SO (2, 3) 6) where ε = 1 2 ε AB µ M AB is an infinitesimal gauge parameter. This auxiliary field also satisfies the constraint φ A φ A = l 2 . Note that this field has mass dimension −1.
In our previous work [7] we analysed the pure gravity action in the SO(2, 3) model and we also constructed its NC generalization. We will not repeat that discussion here. For completeness we just write the gravity action before and after the gauge fixing:
7)
8) 9) where covariant derivative in the adjoint representation is given by
We break the SO(2, 3) gauge symmetry by fixing the auxiliary field, specifically, we set φ a = 0 and φ 5 = l, and obtain
For generality, we introduced three dimensionless constants that are a priori undetermined and can be fixed by some consistency conditions. The Einstein-Hilbert term requires c 1 + c 2 = 1, while the absence of the cosmological constant is provided with c 1 + 2c 2 + 2c 3 = 0. Applying both constraints leaves one free parameter.
Now we study the coupling of matter fields with gravity in the framework of the SO(2, 3) model.
U(1) gauge field
In order to include the electromagnetic interaction of electrons in our framework, we upgrade the original SO(2, 3) gauge group to SO(2, 3) ⊗ U (1). Gauge potential for the whole gauge group, the master potential, consists of two independent parts:
The first part is the already mentioned SO(2, 3) gauge potential (2.3) and the second part, A µ , is the electromagnetic potential.
The field strength associated with the master gauge potential Ω µ is 13) and it can be decomposed as (2.14) where the gravity field strength F µν is given by (2.4) and
is the U (1) field strength tensor, i.e. the electromagnetic field.
Following the approach of [12] we define a SO(2, 3) invariant action for the U (1) gauge field as follows:
The action (2.16) includes an additional auxiliary field f
with the gauge parameter
consisting of the SO(2, 3) and the U (1) part. We see from (2.17) that the field f transforms in the adjoint representation of SO (2, 3) and it is invariant under U (1), i.e. it is not charged. Its role is to produce the canonical kinetic term for the U (1) gauge field since we cannot define the Hodge dual operation without prior knowledge of the metric tensor.
The full covariant derivative of the field φ is defined as
Thus we see that the field φ is also neutral under the U (1) gauge transformations. This simplification is a peculiarity of the Abelian U (1) group and it does not hold in a more general case of non-Abelian Yang-Mills theory.
The action (2.16) can be rewritten in a more explicit form as
After calculating traces (see Appendix A) we obtain
The first term in (2.21) is purely imaginary and it will vanish because we have defined S A to be real by adding corresponding hermitian conjugate terms. Thus, after the gauge fixing, when (D µ φ) a = e a µ and (D µ φ) 5 = 0, the action reduces to
with the vierbein determinant e = det(e a µ ) = √ −g .
Equations of motion (EOMs) for the components of the auxiliary field f are
Using these EOMs we can eliminate the auxiliary field in the action (2.22) . This leaves us with the well known action for pure U (1) gauge field in curved space-time:
Dirac fermions
The Dirac spinor field ψ transforms in the fundamental representation of SO(2, 3) ⊗ U (1) gauge group, i.e. 25) where, as in (2.18), ε AB are infinitesimal antisymmetric gauge parameters of SO(2, 3) gauge group and α is an infinitesimal gauge parameter of U (1) gauge group. The covariant derivative of the full SO(2, 3)⊗U (1) gauge group in fundamental representation is given by
where we introduced ∇ µ = ∇ µ − iA µ as a covariant derivative for SO(1, 3) ⊗ U (1) gauge group, and ∇ µ is the ordinary SO(1, 3) covariant derivative. In addition, we set q = −1 for an electron.
The fermionic action consists of two parts: the kinetic term S ψ,kin (which also contains the interaction) and the mass term S ψ,m . They are given by
and they were investigated in detail in [9] , both classically and noncommutatively, but without any reference to the electromagnetic interaction. The only difference however, is that the covariant derivative of the Dirac field now contains an additional term, −iA µ , associated with the U (1) gauge group. This will give us the interaction term for the Dirac field.
After the symmetry breaking the total spinor action S ψ , given by the sum of (2.27) and (2.28), reduces to
This is the familiar action for a U (1) charged Dirac fermion in curved space-time.
NC matter fields
Let us now generalize the setup from the previous section and define actions for the NC U (1) ⋆ gauge field and the NC Dirac fermion.
We will work in the canonically deformed NC space-time with the NC Moyal-Weyl ⋆-product (1.2). However, our construction can straightforwardly be generalized to an arbitrary noncommutative space-time coming form an Abelian twist deformation.
To establish the NC field theory with SO(2, 3) ⋆ ⊗ U (1) ⋆ gauge group, we introduce the NC spinor field ψ and the NC gauge potential Ω µ . The corresponding NC field strength tensor is defined as
The covariant derivatives of the NC spinor ψ and the auxiliary field φ are defined by
Λ ε is the NC gauge parameter of the full SO(2, 3) ⋆ ⊗ U (1) ⋆ gauge group, which in the commutative limit reduces to (2.18).
The Seiberg-Witten (SW) map enables us to express NC fields in terms of the corresponding commutative fields, without introducing new degrees of freedom (new fields) in the theory. NC fields are represented as power series in the deformation parameter θ αβ , with expansion coefficients built out of the commutative quantities like φ, ψ and Ω µ . For example:
where Ω µ is the the commutative master gauge potential (2.12), while ψ and φ are the commutative Dirac spinor and the auxiliary field, respectively. Using the SW map, we can derive the first order NC corrections to the field strength, and the covariant derivatives of adjoint and spinor field. They are given by 3.38) with the commutative field strength tensor F µν defined in (2.14). All these results will be put into use in the next subsection where we turn to the NC version of the actions (2.16) and (2.27, 2.28) and calculate their perturbative expansions in powers of the deformation parameter θ αβ .
NC U(1) gauge field
To construct a NC model of U (1) gauge field coupled to gravity with SO(2, 3) ⋆ ⊗ U (1) ⋆ symmetry, we canonically deform action (2.16):
In addition to the NC master gauge field Ω and the NC auxiliary field φ we also have to introduce a NC generalization of the auxiliary field f defined in (2.17) . The NC field f transforms in the adjoint representation of the full NC gauge group
The transformation laws (3.34) and (3.40) ensure that the action (3.39) is invariant under the SO(2, 3) ⋆ ⊗ U (1) ⋆ NC gauge transformations.
The general rule for calculating first order NC correction to the ⋆-product of two fields states that
If both of these two fields transform in the adjoint representation, one can show [14] that the following statement holds,
where cov( A (1) ) is the covariant part of A ′ s first order NC correction, and cov( B (1) ), the covariant part of B ′ s first order NC correction. By using this specialised rule (3.42) we significantly reduce the amount of calculation and immediately obtain the covariantized result, which is not the case with the general rule (3.41). After some simplification, including a few partial integrations, the first order NC correction to S A is given by
As we can see, all terms are manifestly SO(2, 3) ⊗ U (1) invariant. This property is insured by the Seiberg-Witten map. The f -part of the obtained first order action will be denoted as S
Af and the f 2 -part as S
Af f .
After the gauge fixing by choosing φ a = 0 and φ 5 = l, the S
Af part becomes After the symmetry breaking, the S
Af f part of the action becomes:
The gravitational part (that which includes quantities like curvature and torsion) of S
Af f is purely imaginary and it vanishes after adding its hermitian conjugate and so we are left with (3.51).
Now we need to evaluate the action S
A on the equations of motion (EOMs) of the auxiliary field f , up to first order in the NC parameter θ αβ . The EOMs are obtained by varying S A in f ab and f a5 independently and we calculate EOMs up to first order in the NC parameter θ αβ . The first order action, evaluated on the EOMs of the field f , denoted as S A on the first order EOMs for the field f . It is straightforward, although tedious, to compute the first order EOMs, but actually there is no need for that. It can be readily demonstrated that if we work only up to first order, the zeroth order NC action (2.22) is annihilated after inserting the first order EOMs for f , whatever they may be. This is the consequence of the zeroth order equations (2.23). Thus, we only need to insert zeroth order terms (2.23) in the first order action S (1) A . The resulting first order action is a sum
The corresponding terms are given by 
NC Dirac fermion
The non-interacting Dirac field has already been treated in the framework of SO(2, 3) ⋆ model in [9] where we proposed an NC action for Dirac spinor coupled with gravity. It is the canonically deformed version of the classical action given by the sum of (2.27) and (2.28)
Expanding this action via the SW map leads to a non-vanishing first order NC correction after the symmetry breaking. To include interaction, we generalize the result in [9] by making substitutions ∇ µ → ∇ µ = ∇ µ − iA µ and F µν → F µν = F µν + F µν . The fermionic mass term is also modified due to inclusion of the U (1) gauge field. Beside the generalization of the covariant derivative, an additional term of the typeψF αβ ψ appears
The complete result for the first order NC correction to the kinetic part after the substitution (i.e. inclusion of U (1) gauge field) is given by:
Apart from the change in covariant derivative, the last three terms in the action, those that include the electromagnetic field strength F µν , are completely new. It is important that all three of them pertain in the limit of flat space-time and this leads to new phenomenological consequences concerning NC electrodynamics. Putting the pieces together, we come to the action for NC electrodynamics in curved space-time up to the first order in deformation parameter. It is given by (3.62) This action is hermitian and invariant under local SO(1, 3) ⊗ U (1) transformations. From it we can derive the Dirac equation for an electron and the Maxwell's electromagnetic field equations in curved noncommutative space-time. Although this calculation is straightforward, we will not peruse it now. Instead we will investigate in detail the flat NC space-time limit.
Flat space-time NC Electrodynamics in SO(2, 3) ⋆ model
Although the flat space-time limit might seem too much a simplification, nevertheless in this section we will show that interesting and non-trivial results can be obtained.
The action for NC electrodynamics in flat space-time up to the first order in θ αβ is given by
where we introduced flat space-time covariant derivative D µ = ∂ µ − iA µ . We notice immediately that this action is different from actions for NC Electrodynamics already present in the literature [18] . The new terms appear as residual from the gravitational interaction and they will lead to some non-trivial phenomena, like a deformed dispersion relation and deformed propagator for fermions. Also, we see the appearance of new interaction terms between fermions and the electromagnetic field specific to the SO(2, 3) ⋆ model.
Deformed equations of motion
By varying with respect to A ρ we obtain NC Maxwell equation with sources in flat space-time. Up to first order the equation is given by
By varying NC action (4.63) with respect toψ we obtain a deformed Dirac equation for an electron coupled to the electromagnetic field A µ (4.65) where θ αβ M αβ is given by (4.66) From (4.66) we immediately see that there will be new interaction terms in (4.65) .
Remember that for electron q = −1.
Electron in background magnetic field
We will use the deformed Dirac equation (4.65) with (4.66) to investigate the special case of an electron propagating in constant magnetic field B = Be z . We choose the gauge A µ = (0, By, 0, 0) accordingly. Then, an appropriate ansatz [15] for (4.65) is (5.67) Spinor components and energy function are all represented as perturbation series in powers of the deformation parameter,
Inserting the ansatz (5.67) in the Dirac equation (4.65) we obtain
The zeroth order (undeformed) equation is given by (5.72) while the first order equation is
Bearing in mind that the adjoint of (5.72) is
after multiplying (5.73) byψ (0) from the left and integrating over y we obtain:
Therefore, the NC energy correction can be calculated as 
It is well known that the unperturbed energy levels of an electron in constant magnetic field (relativistic Landau levels) are (5.76) where n is the principal quantum number and n = 0, 1, 2, . . . , while s = ±1 are the eigenvalues of the matrix σ 3 .
The complete undeformed Dirac spinor is (5.77) with components
where σ ± = σ 1 ± iσ 2 , and ϕ s is the eigenvector of σ 3 for eigenvalue s = ±1. Functions Φ n (ξ) (n = 0, 1, ...) are Hermitian functions defined by
where H n are Hermitian polynomials and ξ = By − p x .
Normalization for (5.77) gives us
We are looking for NC shift E
n,s of the ordinary, undeformed energy levels (5.76). Using the equation (5.75), we find
(5.81)
In particular, for θ 12 = −θ 21 = θ = 0 and all the other components of the matrix θ αβ equal to zero, we find
n,s + m)
In the absence of magnetic field we confirm the already established result [9] ,
The NC energy levels depend on s = ±1 and we see that constant noncommutative background causes Zeeman-like splitting of undeformed energy levels.
The non-relativistic limit of NC energy levels (5.82) is obtained by expanding the undeformed energy function E
n,s assuming that p 2 z , B ≪ m 2 :
Expanding (5.82), we obtain the first order NC correction to the energy levels of a non-relativistic electron:
If we take p z = 0, the non-relativistic NC energy levels reduce to
where we introduced B ef f = (B + θB 2 ) as an effective magnetic field. As in the case of non-interacting electrons [9] , the spin-dependent shift of mass is apparent. If we compare this expression with the one for undeformed energy levels E
n,s , we see that the only effect of noncommutaivity is to modify the mass of an electron and the value of the background magnetic field. This interpretation of constant noncommutativity is in accord with string theory. In [5] it is argued that coordinate functions of the endpoints of an open string constrained to a D-brane in the presence of a constant Neveu-Schwarz B-field satisfy constant noncommutativity algebra. The implication is that a relativistic field theory on NC space-time can be interpreted as a low energy limit, i.e. an effective theory, of the theory of open strings. From the energy function (5.83) we can derive a NC deformation of the induced magnetic moment of an electron in the n-th Landau level in the limit of a weak magnetic field:
where µ B = eℏ 2mc is the Bohr magneton. We recognise −(2n + 1)µ B as the diamagnetic moment of an electron and −sµ B as the spin magnetic moment. The θB-term is another potentially observable phenomenological prediction of our model. It is a linear NC correction to the induced electron's dipole moment. A natural next step would be to calculate the induced magnetisation of a material as the induced magnetic moment per unit area. To do this we need to understand better the meaning and the realization of noncommutaivity in materials.
Discussion
In this paper we discussed coupling of matter fields with gravity in the framework of NC SO(2, 3) ⋆ gauge theory of gravity. Using the Seiberg-Witten map we constructed the gauge invariant actions and calculated equations of motion for the NC U (1) ⋆ gauge field and the NC Dirac fermion. Unlike in [9] , fermions are now coupled with NC U (1) gauge field and the NC gravity. In this way we formulated NC Electrodynamics in curved space-time induced by NC SO(2, 3) ⋆ gravity. The flat space-time limit of this model enables one to study behaviour of an electron in a background electromagnetic field. Especially, corrections to the relativistic Landau levels of an electron in a constant magnetic field are given by (5.82) and their non-relativistic limit is (5.83) . Motion of an electron in a constant background magnetic field and NC corrections to Landau levels were investigated in the case of canonical noncommutaivity in [16] and for other types of NC space-times in [17] . It can be seen both from (5.82) and (5.83) that NC correction to (non)-relativistic Landau levels depends on the mass m, the principal quantum number n and the spin s. In particular, the NC correction to energy levels will be different for different levels. It would be interesting to calculate the NC correction to the degeneracy of Landau levels and we plan to address this problem in future work. It is well known that the physics of the Lowest Landau Level (LLL) is closely related to the physics of Quantum Hall Effect (QHE). Using the obtained results, we plan to investigate NC corrections to the QHE. In this way, together with the induced NC magnetic moment (5.84) and the NC-induced magnetization in materials we hope to obtain some constraints on noncommutaivity parameter from condensed matter experiments.
Starting from (4.63) one can check renormalizability of the model. It is known that, the so-called Minimal NC Electrodynamics, a theory obtained by directly introducing NC Moyal-Weyl ⋆-product in the classical Dirac action for fermions coupled with U (1) gauge field in Minkowski space,
is not a renormalizabile theory because of the fermionic loop contributions [18] . It would be interesting to see if additional terms present in the NC SO(2, 3) ⋆ gravity induced Electrodynamics (4.63) can improve this behaviour.
The NC SO(2, 3) ⋆ gravity model also enables one to introduce coupling with nonAbelian gauge fields. In this way, it is possible to progress towards generalizing Standard Model to a NC space-time using the setup we described in this paper. All this open problems and research proposals we postpone for future work.
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